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Abstract. We prove some open book embedding results in the smooth and contact category. We prove
an open book version of the Haefliger–Hirsch embedding theorem by showing that every k-connected closed
manifold Mn has an open book embedding in S2n−k = Ob(D2n−k−1, id). We also give various examples
of contact open book embeddings of a contact manifold (M2n+1, ξ) in (S4n+1, ξstd). Finally, we prove a
smooth open book embedding result for Weinstein/Stein fillable contact manifolds and briefly discuss its
relation to the fillability problem.
1. introduction
Embedding of manifolds is an old and much studied problem in topology. The simplest target manifold
to embed a manifold is the Euclidean space RN or the Euclidean sphere SN . The celebrated Whitney
embedding theorem [Wh] tells that every such n-manifold Mn can be embedded in S2n. The work of Massey
[Ma], Haefliger–Hirsch [HH] and Hirsch [Hi] says that for orientable n-manifolds the minimal dimension of
embedding can be further reduced to give embedding in S2n−1. In [HH], Haefliger and Hirsch generalized
this theorem for k-connected manifolds and produced embeddings in S2n−k−1.
Embedding questions can also be studied with extra geometric structures on the manifolds. One of the
first geometric embedding problem, the C1-isometric embedding problem, was studied by John Nash [N].
This inspired the study of embedding problems for manifolds preserving other given geometric structures.
In the present article, we talk about embedding problems preserving smooth open book decompositions and
contact open book decompositions of closed oriented manifolds.
An open book, roughly speaking, is a decomposition of a manifold into a co-dimension 2 submanifold and
a mapping torus (see section 2 for details). The existence of an open book on a manifold follows from the
works of Tamura [Ta], Winkelnkemper [Wi], Lawson[La] and others. It is known that all odd dimensional
manifolds admit open book decomposition. For 4m-dimensional manifolds, the index is assumed to be zero
for existence of an open book.
An open book embedding is an embedding such that an open book decomposition on the target manifold
induces an open book decomposition on the embedded manifold. For a formal definition of open book
embedding see Definition 2.4.
In [Wi], Winkelnkemper gave one the first construction of open book decompositions on simply connected
manifolds. Combining the open book decomposition of Winkelnkemper [Wi] and embedding results of
Haefliger and Hirsch [HH] we get the following open book version of the Haefliger–Hirsch theorem.
Theorem 1.1. Let n ≥ 7 and 0 ≤ k < 12 (n− 4). Then, every k-connected closed manifold Mn has an open
book embedding in S2n−k = Ob(D2n−k−1, id).
Here Ob(D2n−k−1, id) denotes the trivial open book decomposition of S2n−k with page D2n−k−1 and
identity monodromy. See section 2.1 for the related definitions.
By the work of Giroux [Gi], any contact manifold can be seen as an open book decomposition with
symplectic structure on its pages and a symplectomorphism as monodromy. The first results in contact
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open book embedding were obtained by Mori [Mo] and Torres [To], using techniques from approximate
holomorphic geometry.
Using Gromov’s h-principle type results for isosymplectic immersions and embeddings, we prove the
following open book embedding result in the contact category.
Theorem 1.2. Let (V 2n, ∂V 2n, dλV ) be a simply connected exact symplectic manifold. If (V
2n, ∂V 2n, dλV )
has a proper isosymplectic embedding in (D4n, dλ0, id) then Ob(V 2n, dλV , φ) contact open book embeds in
(S4n+1, ξstd) = Ob(D4n, dλ0, id) for n ≥ 2.
Here, dλ0 denotes the standard symplectic form on the 4n-ball.
As an application of Theorem 1.2, we find large classes of contact 2n + 1-manifolds that admit contact
open book embedding in the trivial open book of (S4n+1, ξstd). Note that Kasuya [Ka] has proved that every
2-connected contact (2n+ 1)-manifold admits isocontact embedding in (S4n+1, ξstd).
First, we prove the following corollary.
Corollary 1.3. Let (W 2n, dλW ) be a simply connected sub-critical Weinstein domain. Then Ob(W 2n, dλW , φW )
contact open book embeds in (S4n+1, ξstd) = Ob(D4n, dλ0, id), for n ≥ 3.
Another class of contact manifolds admitting contact open book embedding is the following.
Corollary 1.4. Let (W 2n, dλW ) be a simply connected Weinstein domain which has the homotopy type of a
CW complex that has no nonzero even dimensional cells. Then Ob(W 2n, dλW , φW ) contact open book embeds
in (S4n+1, ξstd) = Ob(D4n, dλ0, id), for n ≥ 3.
Example 1.1. Say n = 2m + 1 and (W 2n, dλW ) is obtained by plumbing odd dimensional unit cotangent
bundles DT ∗S2m+1 with their canonical symplectic forms. Then for any relative symplectomorphism φ of
(W,dλ0). Ob(W 2n, dλW , φ) open book embeds in Ob(D4n, dλ0, id).
We also point out another class of examples of 2n + 1-dimensional contact manifolds that contact open
book embed in (S4n+1, ξstd). To state our results we need the following definition.
Definition 1.5. Consider the canonical symplectic structure dλM on the cotangent bundle of a manifold M .
We call the contact open book Aob(V 2n, ω, φ) of type-1, if it satisfies the following properties.
(1) (V 2n, ω) be an Weinstein domain symplectomorphic to
(DT ∗M1§DT ∗M2§..§DT ∗Mp#bDT ∗N1#bDT ∗N2..#bDT ∗Nq, dλM1§dλM2§..§dλMp#bdλN1#bdλN2#b..#bdλNq ).
Here, Mis and Njs are either n-sphere S
n or a closed n-dimensional manifold.
(2) The monodromy φ is generated by Dehn-Seidel twists along the Sns among Mis and Njs.
Here #b and § denote boundary connected sum and plumbing, respectively.
For the notion of symplectic boundary connected sum and plumbing we refer to [Ge] and [Ko].
Theorem 1.6. If (M2n+1, ξ) is a contact manifold supported by an open book of type-1, then (M2n+1, ξ)
has a contact open book embedding in (S4n+1, ξstd).
The proof of Theorem 1.6 is essentially the same as that of Theorem 1.4 in [S]. We will only give an
outline of it with the slight modifications needed.
Finally we prove a smooth open book embedding result for manifolds which bound an Weinstein domain.
Theorem 1.7. Let M2n+1 be a closed manifold that bounds a Weinstein domain (W 2n+2, dλW ). Then,
M2n+1 admits open book embedding in Ob(D2b 3n2 c+5, id) = S2b 3n2 c+6.
The proof of Theorem 1.7 relies on the existence of an abstract Weinstein Lefschetz fibration (see section
2.7 on a Weinstein domain (up to deformation equivalence) due to the work of Giroux and Pardon [GP].
Theorem 1.7 can be used to provide a topological obstruction to the existence of Weinstein or Stein filling
of almost contact manifolds of sufficiently high dimension. We discuss such examples in section 6.1.
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We would like to remark that recent times have seen a lot of progress in the problem of smooth and
contact open book embedding and isocontact embedding. In particular, much progress has been made on
the question of co-dimension 2 isocontact embedding due to the works of Kasuya [Ka2], Etnyre and Furukawa
[EF], Etnyre and Lekili [EL] and Pancholi and Pandit [PP]. Recently, the existence and uniqueness questions
for co-dimension 2 isocontact embedding has been completely answered by the works of Casals, Pancholi and
Presas [CPP], Casals and Etnyre [CE] and Honda and Huang [HoH]. Some explicit constructions of smooth
open book embedding and isocontact embedding were also provided in the works of [EF],[EL],[PPS] and
[S2]. While much is known regarding explicit isocontact or contact open book embeddings for 3-manifolds,
similar problems for higher dimensional contact manifolds are yet to be studied in full generality.
1.1. Acknowledgment. The authors thank Dishant M. Pancholi for his suggestion to study the open book
embedding problem for smooth and contact manifolds. The first author is supported by the CSIR, India
(Fellowship Ref. no. 09/084(0688)/2016-EMR-I).
2. preliminary
2.1. Open books. An open book is a decomposition of a manifold into a co-dimension 2 submanifold and
a fibration over S1.
Definition 2.1 (Open book decomposition). An open book decomposition of a closed oriented manifold M
consists of a co-dimension 2 oriented submanifold B with a trivial normal bundle in M and a locally trivial
fibration pi : M \B → S1 such that pi−1(θ) is an interior of a co-dimension 1 submanifold Nθ and ∂Nθ = B,
for all θ. The submanifold B is called the binding and Nθ is called a page of the open book. We denote the
open book decomposition of M by (M,Ob(B, pi)) or sometimes simply by Ob(B, pi).
Example 2.1. Sn admits an open book decomposition with page Dn−1 and monodromy the identity map.
We call this open book, Ob(Dn−1, id), the trivial open book of Sn
There is another notion of an abstract open book that is equivalent to the above definition and in many
cases is easier to work with.
Definition 2.2. Let Σ be as before and let φ be a diffeomorphism of Σ that is identity on a collar neighborhood
of ∂Σ. An abstract open book decomposition of M is a pair (Σ, φ) such that M is diffeomorphic to
MT (Σ, φ) ∪id ∂Σ×D2
where id denotes the identity mapping of ∂Σ× S1.
Here, MT (Σ, φ) = Σ × [0, 1]/ ∼ is the mapping torus, where ∼ is the equivalence relation identifying
(x, 0) with (φ(x), 1). We will denote such an abstract open book by Ob(Σ, φ).
Two abstract open books Ob(Σ1, φ1) and Ob(Σ2, φ2) are equivalent if there is a diffeomorphism h : Σ1 →
Σ2 such that h ◦ φ2 = φ1 ◦ h. It is a well known fact that an abstract open book decomposition of M , up to
equivalence, gives an open book decomposition of M up to diffeomorphism and vice versa. The boundary
of the page ∂Σ gives the binding in the first definition and a fiber of the fibration pi : M \B → S1 gives the
page in the second definition. Hence, we will not distinguish between open books and abstract open books.
For more details on open books, see [E] and [Ge].
Note that the isotopy class of φ uniquely determines M , up to diffeomorphisms. The map φ is called the
monodromy of the open book. The manifold obtained by identifying the boundary of MT (Σ, φ) with the
boundary of ∂Σ×D2, as described in the Definition 2.2, will be denoted by Ob(Σ, φ).
For open books, there is an important symmetry property. If Σ is as above and φ1 and φ2 are two
diffeomorphisms of Σ that restrict to identity near boundary, then Ob(V, φ1 ◦ φ2) ∼= Ob(V, φ2 ◦ φ1).
Example 2.2. Sn admits an open book decomposition with pages Dn−1 and monodromy the identity map
of Dn−1. We call this open book the trivial open book of Sn.
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∂upW
∂loW
N
V × [0, 1]
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1
2
Figure 1. Prototype example for Winkelnkemper open book
Example 2.3. S3 × S2 admits an open book decomposition with pages the unit disk bundle of T ∗S2 and
monodromy the mapping class of the identity map of the unit disk bundle of T ∗S2. We call this open book
decomposition of S3 × S2 the standard open book decomposition of S3 × S2.
Definition 2.3 (Flexible embedding). A proper embedding f : (Σn, ∂Σn)→ (V n+k, ∂V n+k) is called flexible
if for every diffeomorphism φ of (Σ, ∂Σ) there is an isotopy Φt (t ∈ [0, 1]) of (V n+k, ∂V n+k) such that
Φ0 = id and Φ1 ◦ f = f ◦ φ. Here ∂Σ and ∂V could be empty sets.
Example 2.4. By [Wu], any two embeddings of a closed manifold Mm in R2m+1 are isotopic. Let f : M →
R2m+1 be an embedding and let φ ∈ Diffeo+(M). Then by [Wu], f and f ◦φ are isotopic. Using the isotopy
extension theorem one can then extend this isotopy to an ambient isotopy Φt of R2m+1 such that Φ0 = id
and Φ1 ◦ f = f ◦ φ. Therefore, any embedding of Mm in R2m+1 is flexible.
Now we define the notion of an open book embedding.
Let Mn and V N be two manifolds admitting open book decompositions. Assume N ≥ n+ 1.
Definition 2.4 (Open book embedding). Mn has an open book embedding in V N if there is an open book
Ob(Σn−1M , φM ) of M and an open book Ob(ΣN−1V , φV ) of V such that the following conditions hold:
(1) there exists a proper embedding f : (ΣM , ∂ΣM )→ (ΣV , ∂ΣV ),
(2) φV ◦ f = f ◦ φM .
We also say that Mn open book embeds in V N with respect to the open book Ob(ΣV , φV ).
Example 2.5. Sn ∼= Ob(Dn−1, id) canonically open book embeds in SN ∼= Ob(DN−1, id) for N − n ≥ 1.
Example 2.6. By Example 2.4, every manifold Mn, admitting open book decomposition, open book embeds
in S2n with the trivial open book Ob(D2n−1, id).
2.2. Winkelnkemper open books for closed manifolds. In [Wi], Winkelnkemper showed existence of
open book decomposition for simply connected manifolds of dimension ≥ 7. The prototype for Winkelnkem-
per’s proof, as Winkelnkemper himself mentions in [Wi], is the following example.
Example 2.7. Let V be any compact manifold with ∂V 6= ∅. Consider the quotient space W = V×[0,1]
(x,t)∼(x, 12 )
.
Let N ⊂ ∂W be the image of ∂V × [0, 1] under the quotient map. N divides ∂W into two parts: ∂upW and
∂loW . If h is a diffeomorphism of the triple (∂W, ∂upW,∂loW ) then W ∪hW has an open book decomposition
with binding N . See Figure 1.
Let us quickly review Winkelnkemper’s proof. As in [Wi], we assume that Mn is a simply connected
closed n-manifold and n = 2k + 1 for k ≥ 3.
Take a minimal handle decomposition of Mn. Let W1 denote the handlebody constructed by attaching
handles of dimension up to k. Let W2 denote the handlebody constructed by attaching such handles of
dimension up to k of the dual handle decomposition. Then, we know that Mn = W1 ∪∂W2. Where, W1 and
W2 are attached along their common boundary E = W1∩W2 = ∂W1 = ∂W2 via some diffeomorphism. There
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exist k-dimensional sub-complexes K1 ⊂W1 and K2 ⊂W2 whose inclusions are homotopy equivalences. The
following lemma is the main step in Winkelnkemper’s proof.
Lemma 2.5 (Winkelnkemper). There exists a k-complex K ⊂ E ⊂ ∂W1 = ∂W2 such that both inclusions
K ⊂Wj (j = 1, 2) are homotopy equivalences.
Now, let V be a regular neighborhood of K in E. V -will be the candidate for page and ∂V will be the
binding. Since K has co-dimension ≥ 3, V and ∂V are simply connected. Take a collar ∂V × I of V and
regard W1 and W2 as a relative cobordism between V and the closure of the complement of V ∪ ∂V × I
in E. The assertion then implies that both W1 and W2 are relative h-cobordisms. Thus, by the relative
h-cobordism theorem W1 = V × I = W2 and by contracting the collar neighborhood ∂V × I we get the
desired open book with binding ∂V and page V . We call this open book the Winkelnkemper open book.
Note that if M2k+1 is an l-connected manifold, then according to the above construction we get an
open book with an l-connected page. This is because we can then start with a handlebody decomposition
M2k+1 = W1 ∪W2 such that each Wi has no handles upto dimension l. Therefore, the following holds.
Lemma 2.6. If M2k+1 is an l-connected manifold, then the Winkelnkemper open book has l-connected pages.
2.3. Embedding and isotopy of manifolds in Euclidean space. Let Mn be a closed k-connected
manifold. Let M0 denote M \ {pt.}. In [HH], Haefliger and Hirsch proved the following generalizations of
Whitney’s embedding theorem [Wh] and Wu’s isotopy theorem [Wu].
Theorem 2.7 (Theorem 2.1, [HH]). Assume 0 ≤ k < 12 (n− 4). If M0 can be immersed in R2n−k−1 with a
normal vector field, then Mn can be embedded in R2n−k−1.
Theorem 2.8 (Theorem 2.2, [HH]). Assume 0 ≤ k ≤ 12 (n − 4). If Mn is orientable there is a 1 − 1
correspondence between the isotopy classes of embeddings of M in R2n−k and the regular homotopy classes
of immersions of M0 in R2n−k with a normal vector field.
The proof of Theorem 2.7 and Theorem 2.8 uses the following theorems of Hirsch and Haefliger [HH].
Theorem 2.9 (Theorem 3.1 [HH]). Let Mn be a k-connected manifold.
(1) If m ≥ 2n − k − 1, then M0 can be immersed in Rm, and any immersion is regularly homotopic to
an embedding.
(2) If m ≥ 2n− k, any two embeddings f and g of M0 in Rm are regularly homotopic. If G is a regular
homotopy connecting f and g, there is a regular homotopy Gt of G such that G0 = G, G1 is an
isotopy, and for each t, Gt connects f to g.
Theorem 2.10 (Theorem 3.2, [HH]). Let X be an m-manifold and E an open n-disk.
(1) Suppose 2m ≥ 3(n + 1) and X is (2n −m + 1)-connected. Let g : E → X be a proper map whose
restriction to the complement of some compact set is an embedding. Then there is a homotopy, fixed
outside of a compact set, which deforms g into an embedding.
(2) Suppose 2m ≥ 3(n+ 1) and X is (2n−m+ 2)-connected. Let g0, g1 : E → X be proper embeddings
which which are connected by a homotopy fixed outside of a compact set. Then g0 and g1 are also
connected by an isotopy gt, fixed outside of a compact set.
By the Smale-Hirsch immersion theory M0 has an immersion in R2n−k−1 with a normal vector field.
Using statement (1) of Theorem 2.9, one regularly homotopes this immersion to an embedding f . Now,
using the normal vector field, the embedding is extended to a map g0 : M → R2n−k−1 such that g0 coincides
with f outside a small neighborhood of the deleted point. Then using statement (2) of Theorem 2.10, g0
is homotoped to an embedding g with the homotopy identity outside a neighborhood of the deleted point.
This shows the main steps in the proof of Theorem 2.7.
For Theorem 2.8, a similar approach is taken. By statement (2) of Theorem 2.9, we can start with
two regularly homotopic embeddings f0, f1 of M0 in R2n−kwith normal vector fields. Then one finds two
homotopic maps h0 and h1 : M → R2n−k extending f0 and f1, respectively. Statement (1) of Theorem 2.10
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allows to assume that h0 and h1 are embeddings and therefore statement (2) of Theorem 2.10 implies that
h0 and h1 are isotopic as embeddings and the isotopy is fixed outside a neighborhood of the deleted point.
The proof of Theorem 2.7 and Theorem 2.8 also holds for proper embeddings of a manifold (V n, ∂V n) in
an Euclidean disk (DN , ∂DN ). We will be using this relative versions of Theorem 2.7 and Theorem 2.8 in
our proofs.
2.4. Contact manifold and isocontact embedding. A contact manifold is an odd dimensional smooth
manifold M2n+1, together with a maximally non-integrable co-dimension 1 distribution ξ ⊂ TM . A contact
form α representing ξ is a local 1-form on M such that ξ = Ker{α}. The contact condition is equivalent
to saying that α ∧ (dα)n is a volume form. The 2-form dα then induces a conformal symplectic structure
on ξ. If the line bundle TM/ξ over M is trivial, then the contact structure is said to be co-orientable. For
a co-orientable contact structure ξ, one can define a contact form α representing ξ on all of M . We will
only consider co-orientable contact structures on closed, orientable manifolds. We will denote a manifold M
together with a contact structure ξ by (M, ξ) and use ξstd to denote the standard contact structure on an
odd dimensional Euclidean space R2N+1, given by Ker{dz+ ΣNi=1xidyi}. The dimension will be understood
from the notation (R2N+1, ξstd).
Two contact manifolds (M1, ξ1) and (M2, ξ2) are equivalent if there is a diffeomorphism h between them
such that Dh(ξ1) = ξ2. We say, the two contact manifolds are contactomorphic to each other. For more
details on contact manifolds see [Ge].
We now define the notion of embedding in the category of contact manifolds.
Definition 2.11 (Isocontact embedding). (M2n+1, ξ) admits an isocontact embedding in (V 2N+1, η), if there
is an embedding ι : M ↪→ V such that for all p in M, Dι(TpM) is transverse to ηf(p) and Dι(TpM)∩ ηf(p) =
Dι(ξp). A manifold M
2n+1 contact embeds in (V 2N+1, η) if there exists a contact structure ξ0 on M
2n+1
such that (M, ξ0) has an isocontact embedding in (V
2N+1, η).
It follows from the definition that if α is a contact form representing ξ and β is a contact form representing
η. Then ι∗(β) = h · α for some positive function h on M . Dι(ξ) is a conformal symplectic sub-bundle of
(η|ι(M), dβ).
Gromov [Gr] reduced the existence of an isocontact embedding of a contact manifold (M2n+1, ξ) in a
contact manifold (V 2N+1, η), for N ≥ n + 2, to a problem in obstruction theory. In particular, Gromov
proved the following contact analog of Whitney’s embedding theorem.
Theorem 2.12 (Gromov, [Gr]). Every contact manifold (M2n+1, ξ) has an isocontact embedding in (R4n+3, ξstd).
Remark 2.13. When the embedding co-dimension is ≤ dim(M)−1, there is a natural topological obstruction
to contact embedding. It has the following description. If ι : (M2n+1, ξ) ↪→ (R2N+1, η) is a contact embedding,
then the normal bundle ν(ι) = ι∗(η)/ξ has an induced complex structure on it. So we have the following
relation of total Chern classes.
c(ξ ⊕ ν(ι)) = c(ι∗(η)) = 1
. Let c¯j(ξ) denote the j
th order cohomology class in (1 + c1(ξ) + c2(ξ) + ...+ cn(ξ))
−1. Since the Euler class
of the normal bundle of an embedding in R2N+1 is zero,
cN−n(ν(ι)) = 0⇔ c¯N−n(ξ) = 0
This gives a condition on the Chern classes of ξ. Thus, for isocontact embedding of co-dimension ≤ dim(M)−
1, one has to restrict the problem on the contact structures whose Chern classes satisfy this condition. For
example, a necessary condition to isocontact embed a 3-manifold (M, ξ) in (R5, ξstd) is c1(ξ) = 0.
2.5. Contact open book and embedding. We start with a discussion of the Thurston–Winkelnkemper
construction [TW] of contact open book decomposition.
Let (V, ∂V, dα) be an exact symplectic manifold which has a collar symplectomorphic to ((−1, 0]×∂V, d(et ·
α)), where t ∈ (−1, 0]. The Liouville vector field Y for dα is defined by iY dα = α. Near boundary this
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Figure 2. Functions for the contact form near binding
vector field looks like ∂∂t and is transverse to ∂V pointing outwards. The 1-form e
t · α induces a contact
structure on ∂V . Let φ be a symplectomorphism of (V, dα) that is identity in a collar of the boundary. The
following lemma, due to Giroux, shows that we can assume φ∗α− α to be exact.
Lemma 2.14 (Giroux). The symplectomorphism φ of (V, dα) is isotopic, via symplectomorphisms which are
identity near ∂V , to a symplectomorphism φ1 such that φ
∗
1α− α is exact.
For a proof of the above lemma see [Ko].
Let φ∗α − α = dh. Here h : V → R is a function well defined up to addition by constants. Note that
dt + α is a contact form on R × V , where the t-co-ordinate is along R. Take the mapping torus MT (V, φ)
defined by the following map.
∆ : (R× V, dt+ α) −→(R× V, dt+ α)
(t, x) 7−→ (t− h, φ(x))
The contact form dt+ α then descends to a contact form λ on MT (V, φ). Since φ is identity near ∂V , a
neighborhood of the boundary ofMT (V, φ) looks like (− 12 , 0)×∂V ×S1 with the contact form er ·α|∂V +dt.
Denote the annulus {z ∈ C | r < |z| < R} by A(r,R). Define Φ as follows.
Φ : ∂V ×A(1
2
, 1) −→(−1
2
, 0)× ∂V × S1
(v, reit) 7−→ (1
2
− r, v, t)
Using Φ, we can glueMT (V, φ) and ∂V ×D2 along a neighborhood of their boundary such that under Φ, λ
pulls back to (e
1
2−r ·α|∂V +dt) on V ×A( 12 , 1). We can extend this to a contact form β = h1(r)·α|∂V +h2(r)·dt,
on the interior of ∂V ×D2 by the real functions h1 and h2 (see Figure 1) from [0, 1) to get a contact structure
on W 2n+1 =MT (V, φ) ∪id ∂V ×D2, where β is a globally defined contact form that coincides with dt+ α
on MT (V, φ) and with α + r2dt near ∂V . We will denote the resulting contact manifold (W 2n+1, β) as
Ob(V, dα;φ).
Although the contact manifold Ob(V, dα, φ) clearly depends on the monodromy φ, there is an important
symmetry property. If (V, dα) is as above and φ1 and φ2 are two symplectomorphisms then Ob(V, dα, φ1 ◦
φ2) ∼= Ob(V, dα, φ2 ◦ φ1).
Definition 2.15 (Contact open book). Ob(V, dα, φ) is called a contact open book with page (V, dα) and bind-
ing (∂V, α). Given a contact manifold M with a contact form β, if one can find an open book Ob(VM , dαM ;φM )
that is contactomorphic to (M,β), then one says that Ob(VM , αM ;φM ) is an open book decomposition of M
supporting the contact form β.
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If a contact manifold (M, ξ) has a contact form β representing ξ such that it has a supporting open book,
then we say that (M, ξ) has a supporting open book. We will write (M, ξ) = Ob(VM , dαM ;φM ) to say that
(M, ξ) is supported by the open book with page (VM , dαM ) and monodromy φM . Giroux [Gi] has proved
that every contact manifold has a supporting open book.
Definition 2.16 (contact open book embedding). (M2n+11 , ξ1) contact open book embeds in (M
2N+1
2 , ξ2)
if there exist a contact open book of (M2n+11 , ξ1), Ob(Σ1, dα1, φ1) and a contact open book of (M2N+12 , ξ2),
Ob(Σ2, dα2, φ2) such that the following conditions hold.
(1) There exists a proper symplectic embedding g : (Σ1, dα1)→ (Σ2, dα2),
(2) g ◦ φ1 = φ2 ◦ g.
Note, the above definition implies that the mapping torus MT (Σ1, φ1) contact embeds in the mapping
torus MT (Σ2, φ2). Since g|∂Σ1 pulls back the contact form α2 to α1, we can extend this embedding to a
contact embedding G of Ob(Σ1, dα1, φ1) to Ob(Σ2, dα2, φ2) such that the restriction of Ob(Σ2, dα2, φ2) on
the image of G gives the contact open book Ob(Σ1, dα1, φ1).
2.6. Dehn-Seidel twist. Consider the symplectic structure on the cotangent bundle (T ∗Sn, dλcan). Here,
λcan is the canonical 1-form on T
∗Sn. In local coordinates (x1, x2, ..., xn+1, y1, y2, ..., yn+1), λcan is given
by the form
∑
yidxi. Here, we regard T
∗Sn as a submanifold of R2n+2 ∼= Rn+1 × Rn+1. A point (~x, ~y) ∈
Rn+1 ×Rn+1, represents a point in T ∗Sn if and only if it satisfies the relations: |~x| = 1 and ~x · ~y = 0. Here,
~y ≡ (y1, .., yn+1) and ~x ≡ (x1, .., xn+1).
Let σt : T
∗Sn → T ∗Sn be a map defined as follows.
σt(~x, ~y) =
(
cos t |~y|−1 sin t
−|~y| sin t cos t
)(
~x
~y
)
For k ∈ Z>0, let gk : [0,∞)→ R be a smooth function that satisfies the following properties.
(1) gk(0) = kpi and g
′
k(0) < 0.
(2) Fix p0 > 0. The function gk(|~y|) decreases to 0 at p0 and then remains 0 for all ~y with |~y| > p0. See
Figure 3.
Now we can define the positive k-fold Dehn-Seidel twist as follows.
τk(~x, ~y) =
{
σgk(|~y|)(~x, ~y) for ~y 6= ~0
−Id for ~y = ~0
The Dehn-Seidel twist is a proper symplectomorphism of T ∗Sn. From Figure 3, we see that τk has compact
support. Therefore, choosing p0 properly, τk can be defined on the unit disk bundle (DT
∗Sn, dλcan), such
that it is identity near boundary. In fact, we can choose the support as small as we wish without affecting
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the symplectic isotopy class of the resulting τk. More precisely, let g
1
k and g
2
k be two functions similar to gk
as above. Say, g1k has support p1 and g
2
k has support p2. Then σtg1k(|·|)+(1−t)g2k(|·|) gives a symplectic isotopy
between σg1k(|·|) and σg2k(|·|).
Similarly, for k < 0, we can define the negative k-fold Dehn-Seidel twist. For k = 0, τ0 is defined to be
the identity map of DT ∗Sn. Sometimes we may say just Dehn twist instead of Dehn-Seidel twist.
2.6.1. The standard contact open book of (S2n+1, ξstd). An important open book decomposition of (S
2n+1, ξstd)
is given with page (DT ∗Sn, dλncan) and monodromy a positive Dehn-Seidel twist τn. We call this open book
the standard open book of S2n+1.
2.7. Lefschetz fibrations on Weinstein domains. Here we briefly recall the notion of an abstract Wein-
stein Lefschetz fibration defined Giroux and Pardon in [GP]. We formally define what Weinstein manifolds
and domains and avoid the technical details of it as we will not use them in our proof. For details on
Weinstein manifolds/domains we refer to [CE].
Recall that a 1-form λ on a manifold V such that ω = dλ is symplectic, is called a Liouville form and
the vector field X such that iXω = λ, is called the Liouville field of λ. An exact symplectic manifold means
a pair (V, λ) where λ is a Liouville form. Equivalently, an exact symplectic manifold can be described by a
triple (V, ω,X) with iXω = λ.
Definition 2.17 (Liouville cobordism). A Liouville cobordism is an exact symplectic manifold (V, ω,X)
such that X points outward along ∂+V and points inward along ∂−V .
Definition 2.18 (Weinstein manifolds and Weinstein domains). A Weinstein manifold (W,ω,X, φ) is a
symplectic manifold (W,ω) with a complete Liouville vector field X which is gradient-like for an exhausting
Morse function φ : W → R. A Weinstein cobordism (W1, ω,X, φ) is a Liouville cobordism (W,ω,X) whose
Liouville field X is gradient-like for a Morse function φ : W1 → R which is constant on the boundary. A
Weinstein cobordism with ∂−W1 = ∅ is called an Weinstein domain.
Definition 2.19 (Deformation equivalence). Two Weinstein domains (W1, J1, φ1) and (W2, J2, φ2) are called
deformation equivalent if there is a diffeomorphism h : W1 →W2 such that the Weinstein structures (J1, φ1)
and (h∗J2, h∗φ2) on W1 are homotopic.
Definition 2.20 (Abstract Weinstein Lefschetz fibration). An abstract Weinstein Lefschetz fibration is a
tuple W = (W0;L1, . . . , Lm) consisting of a Weinstein domain W
2n
0 (the central fiber) along with a finite
sequence of exact parameterized Lagrangian spheres L1, . . . , Lm ⊂W0 (the vanishing cycles).
Given an abstract Weinstein Lefschetz fibration W = (W0;L1, . . . , Lm), one can construct a Weinstein
domain W 2n+2 (its total space) by attaching critical Weinstein handles to the stabilization W0 ×D2 along
Legendrians Λj ⊂W0 × S1 ⊂ ∂(W0 ×D2) near 2jm ∈ S1, obtained by lifting the exact Lagrangians Lj.
So the abstract Weinstein Lefschetz fibration is a sort of singular fiber bundle over D2 with Weinstein
pages and where the monodromy is given by composing the Dehn-Seidel twists along the Lagrangian spheres.
Giroux and Pardon proved that every Weinstein domain can be deformed to an abstract Weinstein Lef-
schetz fibration.
Theorem 2.21 (Giroux–Pardon,[GP]). Let W be a Weinstein domain. There exists an abstract Weinstein
Lefschetz fibration W˜ = (W0;L1, . . . , Lm) whose total space (which we again denote by W˜ ) is deformation
equivalent to W.
2.8. h-principle for isosymplectic immersions.
Definition 2.22 (Isosymplectic immersion). An isosymplectic immersion (or embedding) h : (M2n, ωM )→
(W 2N , ωW ) is an immersion (or embedding) such that h
∗(ωW ) = ωM .
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(V, ω)
∂−V ∂+V
X
X
Figure 4. Liouville cobordism with concave boundary ∂−V and convex boundary ∂+V .
Definition 2.23 (Isosymplectic homomorphism). An isosymplectic homomorphism is a map F : (TM2n, ωM )→
(TV 2N , ωW ) such that F restricts to a vector space monomorphism on (TpM,ωM ) for all p ∈ M and
F ∗(ωW ) = ωM .
It is clear that the existence of an isosymplectic homomorphism is a necessary condition for existence of
an isosymplectic immersion. Gromov [Gr] proved the following h-principle for isosymplectic immersions to
show that to some extent it is also sufficient.
Theorem 2.24 (Isosymplectic immersion theorem [Gr]). Let (W,ωW ) and (V, ωV ) be symplectic manifolds
of dimensions 2N and 2n respectively. Suppose a continuous map f0 : V → W satisfies the cohomological
condition f∗0 [ωW ] = [ωV ], and that f0 is covered by an isosymplectic homomorphism F : TV → TW . If
V is closed and 2N ≥ 2n + 2, then there exists a homotopy ft : V → W such that f1 is an isosymplectic
immersion and the differential Df1 is homotopic to F through isosymplectic homomorphisms.
The h-principle for isosymplectic immersion is also true for the relative and the parametric version (see
Theorem 16.4.3 in [EM]).
Following is Gromov’s h-principle for isosymplectic embedding.
Theorem 2.25 (Isosymplectic embedding,[Gr]). Let (V, ωV ) and (W,ωW ) be symplectic manifolds of di-
mension n = 2m and q = 2l respectively. Suppose that an embedding f0 : V →W satisfies the cohomological
condition f∗0 [ωW ] = [ωV ], and the differential F0 = df0 is homotopic via a homotopy of monomorphisms
Ft : TV → TW , covering f0, to an isosymplectic homomorphism F1 : TV → TW .
(1) (Open case) If n ≤ q − 2 and the manifold V is open then there exists an isotopy ft : V → W such
that the embedding f1 : V → W is isosymplectic and the differential df1 is homotopic to F1 through
isosymplectic homomorphisms.
(2) (Closed case) If n ≤ q − 4 then the above isotopy ft exists even if V is closed. Moreover, one can
choose the isotopy ft to be arbitrarily C
0-close to f0.
The above h-principle is also true for the relative and parametric case. In particular, if a family of
proper isosymplectic immersions ft : (V, ∂V, dλV ) → (W,∂W, dλW ) (satisfying the cohomology condition:
[f∗t dλW −dλV ] = 0 in H2(V, ∂V,Z)) is regularly homotopic to a family of embedding et, depending smoothly
on t, then by Theorem 2.25, ft can be isotoped to a family of proper isosymplectic embeddings f
s
t .
Obstructions to isosymplectic homomorphism : Consider a symplectic vector space (X,ω). Let J be
an ω-compatible almost complex structure (i.e., ω(Ju, Jv) = ω(u, v) and ω(u, Ju) > 0 for all u, v ∈ X \{0}).
If Y is a symplectic subspace of (X,ω), then Y has to be a J-subspace of (X, J) and vice-versa. An al-
most complex structure Jξ on the contact hyperplane bundle ξ = Ker{α} is called ξ–compatible, if it
is compatible with the conformal symplectic structure on ξ induced by dα. An isosymplectic homomor-
phism takes (TV, ωV ) to a symplectic sub-bundle of (TW,ωW ). If JW is an ωW –compatible almost complex
structure, then the isosymplectic homomorphism takes (TV, ωV ) to a JW -sub-bundle of (TW,ωW ). When
W = D2N and ωW = ω0, finding an isosymplectic homomorphism from (TV, ωV ) to (TW,ωW ) is equivalent
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to finding a U(n)–equivariant map from the complex n-frame bundle associated to (TV, ωV ) to St
C(N,n).
In other words, finding an isosymplectic homomorphism is equivalent to the existence of a section of the
associated StC(N,n)–bundle of (TV, ωV ). Here, St
C(N,n) denotes the complex Stiefel manifold. Thus,
(TV, ωV ) has an isosymplectic homomorphism in (TD
2N , ω0) if and only if all the obstruction classes in
Hi(V, ∂V ;pii−1StC(N,n)) vanish for 1 ≤ i ≤ 2n.
Two isosymplectic homomorphisms are homotopic via isosymplectic homomorphisms if the corresponding
sections of the associated StC(N,n)–bundle of (TV, ωV ). Such homotopy obstructions lie inHi(V, ∂V ;piiSt
C(N,n)),
for 1 ≤ i ≤ 2n.
3. Open book embedding of k-connected manifolds in S2n−k
We now prove Theorem 1.1. We want to use a relative version of Theorem 2.7 and Theorem 2.8, which
can be stated as follows.
Lemma 3.1. Let (V n, ∂V n) be a k-connected manifold. Let V0 denote the manifold obtained by removing
an n-disk from the interior of V .
(1) If V0 can be immersed in R2n−k−1 with a normal vector field, then V n admits a proper embedding
in (D2n−k, ∂D2n−k).
(2) There is a 1− 1 correspondence between the isotopy classes of proper embeddings of V in D2n−k and
the regular homotopy classes of proper immersions of V0 in (D
2n−k, ∂D2n−k).
(3) Any two proper embeddings f and g of V n in D2n−k+1 are isotopic.
The proof of Lemma 3.1 will become easy once we observe how the proofs of Theorem 2.7 and Theorem
2.8 works. We now review the main steps behind these proofs from [HH].
3.1. Proofs of Theorem 2.7 and Theorem 2.8.
Proof of Theorem 2.7: Let f0 : M
n
0 → R2n−k−1 be an immersion with a normal vector field v. By Theorem
2.9, f is regularly homotopic to an embedding. So we may assume f0 to be an embedding. Let Di be an
embedded closed disk of radius i around a point x0 ∈Mn for i = 1, 2. Let Mi = M \ int(Di). The claim is
that f(∂M1) is an (n− 1)-sphere homotopic to zero in X = R2n−k−1 \ f(M2).
Consider an -tubular neighborhood of f(M1) in R2n−k−1. Let λ : M → [0, ] be a smooth function that
has value  on M2 and is 0 on D1. Then f(∂M1) bounds the image of M1 under the map fv : M → R2n−k−1
given by x 7→ f(x) + λ(x)v(x). Thus, f(∂M1) is null-homologous in X.
By Poincare and Alexander duality Hi(X) ∼= Hk+i+2−n(M) (with Z-coefficient). Since M is k-connected,
Hi(X) = 0 for i ≤ n− 2. Thus, by Hurewicz isomorphism between pin−1(X) and Hn−1(X) we get that that
f(∂M1) is null-homotopic in X.
One can therefore, extend the map f |M1 to a map g : M → R2n−k−1 such that g(M2) ∩ g(int(D2)) = ∅.
An application of Theorem 2.10 then leads to an embedding of D2 in X relative to boundary. Together with
the embedding f |M2 , this gives an embedding of M in R2n−k−1.

Next we discuss the proof of Theorem 2.8. We shall continue with the notations used above.
Proof of Theorem 2.8: First one shows that Given an embedding f : M → R2n−k, one can associate a
normal vector field v on f(M0) such that fv(M) is null-homologous in X = R2n−k−1 \ f(M2). Here,
fv : M → R2n−k−1 is an embedding which is equal to f(x) + λ(x)v(x) for x ∈ M1 and equal to f(x) for
x ∈ D1.
An argument similar to the previous proof shows that X is (n − 1)-connected and pin(x) = Hn(X) =
Hn−k−1(M2). If v1 and v2 are two normal (to f(M2)) vector fields, then the difference class d(v1, v2) ∈
Hn−k−1(M2) corresponds to the homology class [fv1(M)]− [fv2(M)] ∈ Hn(X). Also, the homotopy classes
of normal vector fields on f(M0) are in 1− 1 correspondence with Hn−k−1(M0) = Hn(X). there is one and
only one normal vector field V, up to is homologous to zero in X. Therefore, up to homotopy, there is only
one vector field such that fv(M) is null-homologous in X.
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x0
D1
X = M \D2
λ(x)v(x)
Figure 5. Isotoping the embedding of M1 by the vector field λ(x)·v(x). The region enclosed
between the two red curves is X = M \D2.
The next step is to show that this correspondence is 1 − 1. We skip the proof of surjectivity and focus
only on the proof of injectivity.
Let f1, f2 : M → R2n−k−1 be two embeddings with corresponding vector fields v1 and v2, respectively.
If (f1|M0 , v1) and (f2|M0 , v2) are regularly homotopic, then by Theorem 2.9, they can be assumed to be
isotopic.
Let ht be an isotopy joining f1|M0 and f2|M0 , and let ut, be a normal vector field of ht(M0) joining v1
and v2. An isotopy of h0(M0) can be extended to an isotopy of R2n−k−1. So one can assume that f1 and f2
agree on M1 and that v1 = v2. Now observe that fv1(M) and fv2(M) are homologous in X. Therefore, by
similar arguments as before fv1(M) and fv2(M) are homotopic in X. Thus, f1|D1 and f2|D1 are homotopic
in X. Therefore, by Theorem 2.10 they are isotopic in X by an isotopy fixed on a neighborhood of ∂D1.
Hence, f1 and f2 are isotopic.

Proof of Lemma 3.1. (1) First we embed V in the boundary (2n− k − 1)-sphere of D2n−k by Theorem
2.7. Let f0 be the embedding. Now define a smooth function ψ : V → [0, ] such that ψ is zero in a
neighborhood of ∂V . Let R be the radial unit vector field on D2n−k pointing inward from boundary.
Let rt denote the time t flow of the vector field ψR. r1 ◦ f0 then gives the required embedding.
Informally, we just pushed f0(V ) into the interior of D
2n−k relative to its boundary.
(2) Let g1, g2 be two proper embeddings of V in D
n−k such that g1 and g2 agree on a neighborhood of
∂V . We assume that g1 and g2 are transverse to the boundary ∂D
2n−k. Recall the embedding f0
from the proof of (1). Then ι1 = f0 ∪ g1 and ι2 = f0 ∪ g2 are embeddings of the double, D(V ), of V .
Let v1 and v2 be two corresponding normal vector fields on ι1(D(V )) and ι2(D(V )). Since ι1 = ι2
in a neighborhood of ∂V , we may assume that v1 = v2 in a neighborhood N(∂V ) of ∂V .
If g1 and g2 are regularly homotopic relative to boundary with homotopic normal vector fields
then by Theorem 2.9 (ι1|D(V )0 , v1) and (ι1|D(V )0 , v2) can be assumed to be isotopic. Moreover, this
isotopy can be fixed near f0(V ) ∪ g1(N(∂V )). We can proceed as in the proof of Theorem 2.8 to
show that ι1 and ι2 are isotopic in D
2n−k via an isotopy Φt. Note that during the construction of
this isotopy we have not moved f0(V ) ∪ g1(N(∂V )). Therefore, Φt|V gives us the required isotopy
between g1 and g2.
The surjectivity case can also be dealt with similarly. For details see [HH].
(3) We observe what happens to the proof of Theorem 2.8 when we look at an embedding f of Mn in
R2n−k+1, instead of R2n−k. Let Y = R2n−k+1 \ f(M). One then gets that Y is n-connected and the
homotopy classes of normal vector fields on M0 are in 1 − 1 correspondence with Hn−k(M0) = 0.
Let f1, f2 be two such embeddings. By Smale-Hirsch immersion theory the obstruction to a regular
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homotopy between (f1|M0 , v1) and (f2|M0 , v2) lies in the group Hi(M0;piiSt(2n − k + 1, n + 1)) for
1 ≤ i ≤ n. Since M0 is homotopic to its (n− k− 1)-skeleton and St(2n− k+ 1, n+ 1) is (n− k− 1)-
connected, these obstructions vanish. Therefore, we can assume f1 and f2 to be isotopic on M0.
Since Hn(Y ) = 0, both fv1(M) and fv2(M) are null-homologous in Y . Arguing as in Theorem 2.8,
we then see that f1|D1 and f2|D1 are homotopic relative to boundary. Then by Theorem 2.10 we
see that f1 and f2 are isotopic.

Proof of Theorem 1.1. Say, Mn = Ob(V n−1, φ), where the open book is obtained by the Winkelnkemper
construction. Since M is k-connected, by Lemma 2.6 V n−1 is k-connected. Using (1) of Lemma 3.1, take
a proper embedding f : (V n−1, ∂V n−1) → (D2n−k−1, ∂D2n−k−1). By (3) of Lemma 3.1, f and f ◦ φ
are isotopic embeddings of (V n−1, ∂V n−1) in (D2n−k−1, ∂D2n−k−1). By the isotopy extension theorem,
there exists an isotopy Φt of (D
2n−k−1, ∂D2n−k−1) for t ∈ [0, 1], such that Φ0 = id and Φ1 ◦ f = f ◦ φ.
Moreover, Φt can be arranged to be identity near boundary. Hence, Ob(V n−1, φ) open book embeds in
Ob(D2n−k−1,Φ1) ∼= Ob(D2n−k−1, id) ∼= S2n−k. 
Remark 3.2. Note that for manifolds which admit open book decomposition with identity monodromy, one
can get open book embedding in S2n−k−1 ∼= Ob(D2n−2k−2, id). If Nn−1 is a manifold with boundary, then
∂(N ×D2) admits such an open book with page Nn−1.
4. Contact open book embedding in (S4n+1, ξstd)
We find a suitable embedding of V 2n in D4n to apply the h-principle for isosymplectic immersion. We
recall that an embedding g : (M2m+1, ker{α} = ξ)→ (N2n+1, ker{β} = η) is called an isocontact embedding
if g∗(β) = h · α, where h is a positive function on M2n+1.
Lemma 4.1. Given an isocontact embedding g : (M2m+1, ker{α} = ξ)→ (N2n+1, ker{β} = η), there exist
a constant C > 0 and a positive function h˜ on M such that the following holds.
(1) g∗(C · β) = h˜ · α.
(2) There is a homotopy of contact 1-forms αt joining α0 = α and α1 = h˜ · α.
Proof. There is a positive function h on M2n+1 such that g∗(β) = h · α. Since M2n+1 is compact, there
C0 > 0 such that h(x) ≥ C0 for all x ∈ M . Thus, there exists a constant C large enough so that C · h > 1.
Define h˜ = C · h. Then g∗(C · β) = C · h · α = h˜ · α. Now define αt = [1 + (h˜ − 1)t] · α for t ∈ [0, 1]. Since
h˜ > 1, αt is a path of contact forms joining α and h˜ · α. 
Lemma 4.2. Let f : (V 2n, ∂V 2n, dλ)→ (D4n, ∂D4n, dλ0) be a proper symplectic embedding. We can assume
that f satisfies the cohomology condition: [f∗dλW − dλV ] = 0 in H2(V, ∂V,Z)
Proof. By Theorem 2.12, (∂V, ker{λ}) has an isocontact embedding in (S4n−1, ker{λ0}). Moreover, since
St(4n − 1, 2n − 1) is (2n − 1)-connected by Wu’s theorem [Wu] and Gromov’s h-principle for isocontact
embedding (12.3.1, [EM]), any two such isocontact embeddings of ∂V 2n in S4n−1 are isotopic. Moreover,
if h is such an isocontact embedding then using Lemma 4.1 we can choose a new representative C · λ0 of
ker{λ0} and isotope λ to some h˜ · λ, so that g∗(C · β) = h˜ · α. So, without loss of generality we can assume
that in a collar neighborhood ∂V × (0, 1] of ∂V in V , f restricts to a map g : V × (0, 1]→ ∂D4n× (0, 1] such
that g(−, t) : (∂V × {t}, ker{λ}) → (∂D4n × {t}, ker{λ0}) is an isocontact embedding for all t ∈ (0, 1] and
g(−, 1)∗(λ0) = λ. So, the cohomology condition is satisfied, i.e., [f∗dλW − dλV ] = 0 ∈ H2(V, ∂V ;Z).

The next lemma is essentially Proposition 4 in [Au], adapted to our setting. For a proof we refer to [S].
Lemma 4.3. Let (V, ∂V, dλV ) and (W,∂W, dλW ) be two exact symplectic manifolds with convex boundaries
of dimension 2m and 2m + 2s respectively. Let ψt : (V, ∂V ) → (W,∂W ) be a family of proper symplectic
embeddings. There is a symplectic isotopy Ψt of (W,∂W, dλW ) such that Ψ0 = Id and Ψ1 ◦ψ0(V ) = ψ1(V ).
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Proof of Theorem 1.2. Let fs and fs ◦φ be two proper isosymplectic embeddings of (V 2n, ∂V 2n, dλV ) in
(D4n, ∂D4n, dλ0). Since V
2n is simply connected, by Lemma 3.1, there exists a family of embeddings et for
t ∈ [0, 1] such that e0 = fs and e1 = fs ◦ φ. Since StC(2n, n) is 2n-connected, De0 and De1 are homotopic
via a continuous family of isosymplectic homomorphisms Ft for t ∈ [0, 1]. Applying the parametric relative
version of the h-principle for isosymplectic immersion (Theorem 2.24), we get a family of isosymplectic
immersions fst joining e0 and e1, such that there is continuous family of formal homotopy H
r
t (r ∈ [0, 1])
connecting H0t = Df
s
t and H
1
t = Ft. Since each f
s
t is regularly homotopic to the embedding e0 and hence
to et, there exists continuous family G
r
t (r ∈ [0, 1]) of formal homotopy between G0t = Det and G1t = Dfst .
Define (H ◦G)rt as follows.
(H ◦G)rt =
{
G2rt for 0 ≤ r ≤ 12
H2r−1t for
1
2 ≤ r ≤ 1
Thus, (H ◦ G)rt gives a continuous family of formal homotopy between Det and Ft. Moreover, we can
choose the formal homotopy to vary smoothly with t. So, we have a family of embedding et satisfying the
cohomology conditions for symplectic forms (because e0 and e1 satisfy) and Ft is a family of isosymplectic
homomorphism covering et such thatDet is formally homotopic to Ft and the homotopy depends continuously
on t. Thus, by the parametric relative version of Theorem 2.25, we can isotope each et to an isosymplectic
embedding depending continuously on t. Therefore, we have shown that e0 = f
s and e1 = f
s ◦φ are isotopic
as isosymplectic embeddings. By Lemma 4.3, there is a symplectic isotopy Ψt of (D
4n, ∂D4n, dλ0) such that
Ψ0 = Id and Ψ1 ◦ fs(V ) = fs ◦ φ(V ). Hence, Ob(V 2n, dλV , φ) admits a contact open book embedding in
Ob(D4n, dλ0, id) = (S4n+1, ξstd).

5. Applications of Theorem 1.2
Theorem 1.2 says that if one can find a simply connected Weinstein domain (W 2n, dλW ) that admits proper
symplectic embedding in (D4n, dλ0), then Ob(W 2n, dλW , φ) contact open book embeds in Ob(D4n, dλ0, id).
Therefore, to apply Theorem 1.2 we want to find a sizable class of simply connected 2n-Weinstein domains
that admit proper symplectic embedding in the standard 4n-ball.
Proof of corollary 1.3. By Cieliebak [C], any sub-critical Weinstein domain is split. Thus, (W 2n, dλW ) is
isomorphic to some (W 2n−20 ×D2, dλW0
⊕
dx ∧ dy), where (W 2n20 , dλW0) is a Weinstein domain. Now, by
Gromov’s h-principle for isosymplectic embedding, (W 2n−20 , dλW0) has a proper isosymplectic embedding
in (D4n−2, dλ2n−10 ). Therefore, (W
2n, dλW ) = (W
2n−2
0 × D2, dλW0
⊕
dx ∧ dy) has a proper isosymplec-
tic embedding in (D4n, dλ2n0 ). Hence, by Theorem 1.2 Ob(W 2n, dλW , φW ) contact open book embeds in
Ob(D4n, dλ0, id).

By Gromov’s h-principle for symplectic immersion, there exists a proper isosymplectic immersion fs
of (V 2n, dλV ) in (D
4n, dλ0). Moreover, any such immersion will have only finitely many intersection
points. According to Whitney [Wh], this intersection number I(fs) = 12 〈er(ν(fs)), [V ]〉, where er(ν(fs)) ∈
H2n(V, ∂V ;Z) denotes the relative Euler class of the normal bundle of immersion ν(fs), and [V ] ∈ H2n(V, ∂V ;Z)
is the fundamental class. Since an isosymplectic immersion induces a complex structure on the normal bun-
dle, e(ν(fs)) is same as the relative Chern class crn(ν(f
s)) and therefore I(fs) = 12 〈crn(ν(fs)), [V ]〉. Moreover,
by Whitney [Wh], fs is regularly homotopic to an embedding if and only if I(fs) = 0. Thus, we have the
following.
Lemma 5.1. Let g : (V 2n, dλV ) → (D4n, dλ0) be a proper isosymplectic immersion with double points in
the interior of V 2n. Then, the intersection number I(g) = 12 〈crn(ν(g)), [V ]〉. Moreover, I(g) = 0 if and only
if g can be isotoped to an isosymplectic embedding.
Recall that if (E,F, pi) is an n-dimensional complex vector bundle, then its nth-Segre class sn(E) is the
nth order term in the expansion of (1 + c1(E) + c2(E) + ... + cn(E))
−1. We prove the following open book
embedding result in the contact category.
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Lemma 5.2. Let (V 2n, dλV ) be an Weinstein domain with a compatible almost complex structure JV .
Assume that (V 2n, dλV ) satisfies the following properties.
(1) The restriction of (TV, JV ) on ∂V is trivial as a complex vector bundle.
(2) The nth relative Segre class of (V 2n, ∂V ), srn(V, ∂V ) vanishes.
Then (V 2n, dλV ) admits a proper isosymplectic embedding in (D
4n, dλ0), for n ≥ 3.
Proof. The proof is essentially an application of a version of the Whitney sum formula for relative charac-
teristic classes. It was first developed by Kervaire in [Ker].
Let fs be a proper isosymplectic immersion of (V
2n, dλV ) in (D
4n, dλ0). Note that the i-th Chern class is
a characteristic class in the group H2i(V 2n;pi2i−1StC(n, n− i+ 1)), which is an obstruction to the existence
of a section of the associated StC(n, n − i + 1)-bundle of (TV, JV ). Since the restriction (TV, JV ) on ∂V
is a trivial complex bundle, there is also no obstruction to the existence of a section of that associated
StC(n, n− i+ 1)-bundle. Therefore, we can talk about relative Chern classes of (TV, JV ). Moreover, all the
relative Chern classes of (TD4n, dλ0, J0) vanish. Therefore, the relative version of the Whitney sum formula
gives the following for the normal bundle of immersion ν(fs).
(1 + cr1(V, ∂V ) + · · ·+ crn(V, ∂V ))(1 + cr1(ν(fs)) + · · ·+ crn(ν(fs))) = 1 =⇒ crn(ν(fs)) = srn(V, ∂V ) = 0.
Now by Lemma 5.1, fs can be isotoped to a proper isosymplectic embedding of (V, dλV ) in (D
4n, dλ0).

Proof of Corollary 1.4. The obstruction to finding a section of the complex vector bundle (TW, dλW , JW )
lies in Hi(W ;pii−1U(n)) = Hi(W ;piiU) (since n ≥ 3 =⇒ n < 2n − 2). By Bott periodicity, pikU = 0
for k even and there are no nonzero even cells. So (TW, dλW , JW ) is trivial and therefore, the conditions
of Lemma 5.2 are satisfied. Thus, (W 4m+2, dλW ) admits proper isosymplectic embedding in the standard
symplectic (8m+ 4)-ball. Hence, by Theorem 1.2, Ob(W 2n, dλW , φ) open book embeds in Ob(D4n, dλ0, id)
for every relative symplectomorphism φ of (W,dλW ).

Remark 5.3. In the proof of Corollary 1.4, the main point was to show the triviality of the almost complex
structure on the tangent bundle of V . Therefore, the result will hold true for any parallelizable Stein manifold.
Otto Forster [F] gave a characterization of such manifolds. In particular, he showed that every Stein manifold
V 2n ⊂ Cn+1 is parallelizable.
5.1. Proof of Theorem 1.6. We now give an outline of the proof of Theorem 1.6 which is just a higher
co-dimensional version of Theorem 1.4 in [S]. For details we refer to [S].
We start by recalling an well-known fact that an embedding of Mn in V n+k induces a proper symplectic
embedding of T ∗Mn into T ∗V n+k with the canonical symplectic forms on the cotangent bundles. Since,
by Whitney, every closed manifold Mn embeds in S2n, every unit disk cotangent bundle DT ∗Mn admits a
proper symplectic embedding in DT ∗S2n. Moreover, recall that the Euler class of the the normal bundle
of an embedding in Euclidean space is zero. Therefore, the normal bundle of an embedding f : Mn → S2n
has a sub-bundle isomorphic to M × R. Thus, we get an induced symplectic embedding of (DT ∗M,dλM )
in (DT ∗S2n, dλ2ncan), such that the symplectic normal bundle ν(f) of this embedding has a symplectic sub-
bundle isomorphic to (DT ∗M × T ∗R1, dλM ⊕ dx ∧ dy).
We can now define a symplectic isotopy φt : DT
∗M → DT ∗S2n|M ∼= DT ∗M × T ∗R1 ⊕ N(M) by
sending (p, v, (0, 0), 0) 7→ (p, v, (0, t · g(|v|)), 0). Here, N(M) is the quotient symplectic bundle of ν(f) by the
(T ∗R1, dx ∧ dy)-bundle over M . Note that the image of φ1 is disjoint from the zero section of DT ∗S2n.
Thus, one can perform a Dehn-Seidel twist τ2n along the core of DT
∗S2n without affecting the image of φ1.
One can then again use the symplectic isotopy φ1−t to bring φ1(DT ∗M) back to its original position, i.e.
to φ0(DT
∗M). This will give us a contact open book embedding of Ob(DT ∗Mn, id) in Ob(DT ∗S2n, τ2n) ∼=
(S4n+1, ξstd). Note that all these isotopies can be assumed to be ambient in DT
∗S2n by Lemma 4.3.
When, Mn = Sn and f is the standard embedding of Sn in S2n, an k-fold Dehn-Seidel twist τk2n on
DT ∗S2n induces a k-fold Dehn-Seidel twist τkn on DT
∗Sn. One can then push DT ∗Sn away from the zero
section of DT ∗S2n and apply (l − k)-fold Dehn-Seidel twist in a small enough neighborhood of the zero
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φt
Figure 6. Using the isotopy φt, we push DT
∗S0 away from the zero section S10 (denoted
by red circles) of DT ∗S1. Then we apply Dehn twist along S10 , with support in the shaded
region.
section, and then again bring DT ∗Sn back to its initial position. Figure describes the situation for n = 0.
Thus, by a similar argument as before, one can prove that Ob(DT ∗Sn, τ ln) contact open book embeds in
Ob(DT ∗S2n, τk2n) for any l, k ∈ Z. In fact, this follows from the following stronger result.
Theorem 5.4 (Theorem 1.1,[S]). For n ≥ 1 and k, l ∈ Z, Aob(DT ∗Sn, dλncan, τkn) contact open book embeds
in Aob(DT ∗Sn+1, dλn+1can , τ2n).
Since bothOb(DT ∗Mn, id) andAob(DT ∗Sn, dλncan, τkn) contact open book embed inAob(DT ∗S2n, dλn+1can , τ2n =
(S4n+1, ξstd), any combination of these open books by taking plumbings and boundary connected sums of
their pages also contact open books in (S4n+1, ξstd). The supporting open book of (S
4n+1, ξstd) will then be
changed by doing sufficient number of positive stabilizations.
Apart from the higher co-dimension of embedding, the proof of Theorem 1.6 follows the proof of Theorem
1.4 in [S] verbatim. Note that all these results are also implicit in the work of Casals and Murphy [CM].
6. Smooth open book embedding of Weinstein fillable contact manifolds
We now prove Theorem 1.7. The following lemma is our main ingredient.
Lemma 6.1. Let L ⊂ (W 2n, dλW ) be a Lagrangian n-sphere and let τL denote the Dehn-Seidel twist along
L. Then, (W 2n; τL) admits a flexible embedding in (D
2b 3n2 c+5, id).
Proof. By Cieliebak–Eliashberg [CE], every Weinstein domain is deformation equivalent to a Stein domain.
On the other hand, Eliashberg and Gromov [EG] have shown that every Stein manifold of complex dimension
n admits a proper holomorphic embedding in Cb 3n2 c+2. Therefore, W 2n admits a proper smooth embedding
in D2b
3n
2 c+4. Let N = 2b 3n2 c+ 4.
By the Lagrangian neighborhood Theorem, L ⊂ (W 2n, dλW ) has a neighborhood symplectomorphic to
(DT ∗Sn, dλn). This gives a smooth embedding of (DT ∗Sn, dλn) in SN . Let h1 denote this embedding.
As discussed in the proof of Theorem 1.6, one has a standard proper isosymplectic embedding of (DT ∗Sn, dλn)
in (DT ∗Sn+k, dλn+k) for all k ≥ 0. Since Ob(DT ∗Sn+k, τn+k) is the standard open book of S2n+2k+1, this
also gives an embedding of DT ∗Sn in S2n+2k+1. Note that there exists a flow Φt on S2n+2k+1 whose time 1
map Φ1 maps its page DT
∗Sn+k to itself by applying a Dehn-Seidel twist along the zero section of DT ∗Sn+k.
This induces another embedding of DT ∗Sn in SN = ∂DN+1. Let h2 denote this embedding.
So we have two embeddings, h1 and h2, of DT
∗Sn+k in SN . By Theorem 3.1, h1 and h2 are isotopic in SN .
Now consider the N + 1-ball DN+1 and consider h1 and h2 as embeddings inside S
N = ∂DN+1. Let ht+1 be
an isotopy between h1 and h2 in S
N for t ∈ [0, 1]. Let SN × [−, 3] denote a collar neighborhood of ∂DN+1.
We assume that h1 embeds DT
∗Sn+k in the 0-level sphere SN×{0}. Define H : SN×[0, ]×[0, 1]→ SN×[0, ]
by H(x, t, s) = h st
 +1
(x). Multiplying by a cut-off function we can get an isotopy Gs of D
N+1 supported in
SN × [0, 32 ], such that G0 = id and G1 takes h1(DT ∗Sn)) to h2(DT ∗Sn).
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DN+1i
33
2
0 2α(0)
Gs
−
Figure 7. Schematic diagram of the isotopy of DN+1 in the collar region SN×[0, 3]. Here,
we see DN+1 as the complement of the interior disk DN+1i in S
N+1 = RN+1 ∪ {∞}. The
curved arc denotes the image of ∂N(L) under the isotopy Gs. The shaded region denotes
the support of the isotopy Γs.
Recall that the embedding h2 of DT
∗Sn in SN × { 32 } actually gives a proper symplectic embedding
of DT ∗Sn in the page of the open book Ob(DT ∗S N−12 , τN−1
2
), such that a Dehn-Seidel twist on the page
DT ∗S
N−1
2 induces a Dehn-Seidel twist on h2(DT
∗Sn).
Now, let Ψt be the isotopy of S
N such that Ψ0 = id and Ψ1 realizes the Dehn-Seidel twist on the page of
its open book Ob(DT ∗S N−12 , τN−1
2
). Using the isotopy Ψt, we can construct an isotopy Γs (0 ≤ s ≤ 1) of
SN × [−1, 1] that satisfies the following:
(1) Γ0 = id.
(2) Γ1 restricted to S
N × {0} is Ψ1.
Γs is defined as follows:
Γs(x, t) =
{
Ψs(1−t)(x) if t ≥ 0
Ψs(t+1)(x) if t ≤ 0
Composing with a linear diffeomorphism α−1 : [ 32 , 2] → [−1, 1], we can get an isotopy Γ˜s of the identity
diffeomorphism of DN+1, supported on SN × [ 32 , 2] ⊂ DN+1. Moreover, Γ˜1 induces a Dehn-Seidel twist on
the page of our open book at the level SN × {α(0)}.
We can now piece together the processes to finish the proof.
We first embed W 2n in SN×{0} ⊂ DN+1. Then apply Gs to isotope a symplectic neighborhood of L ⊂W ,
say N(L), into the page of the standard open book of SN ×{}. We then further push the neighborhood of L
in SN ×{} to the level SN ×{α(0)}. Apply Γ˜s to induce a Dehn-Seidel twist on this pushed neighborhood
of L. Now bring N(L) back to its previous embedding in SN × {}. Finally, bring N(L) back to its staring
embedding in SN × {0} by the isotopy G1−s.
This process will induce a Dehn-Seidel twist on N(L) by an isotopy of the identity diffeomorphism of
DN+1.
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
Proof of Theorem 1.7. Say M2n+1 bounds an Weinstein domain (V 2n+2, ωV ). By Theorem 2.21 [GP],
(V 2n+2, ωV ) is deformation equivalent to an abstract Weinstein Lefschetz fibration LF (W
2n, dλW ; (L1, L2, . . . , Lm)).
This induces an open book decomposition on M2n+1 with page W and monodromy φ = τL1 ◦ τL2 ◦ · · · ◦ τLm .
Identify the S1-interval of the mapping torus of this open book with [0, 1]/0 ∼ 1. Divide [0, 1] into sub-
intervals Ij = [
j
m+1 ,
j+1
m+1 ] for j ∈ 0, 1, ...,m.
Let N = 2b 3n2 c + 4. On the interval Ij , we apply Lemma 6.1 for the vanishing cycle Lj to obtain
embedding of the mapping cylinder of τLj : W → W in the mapping cylinder of the identity map (up to
isotopy) of DN+1, for 0 ≤ j ≤ m − 1. We then glue these mapping cylinders together in cyclic order to
obtain embedding of the mapping torus of φ in DN+1×S1. This gives us an open book embedding of M2n+1
in SN+2 = Ob(DN+1, id).

Remark 6.2. One may consider a higher dimensional analogue of the 4-dimensional achiral Lefschetz
fibration, which is like an abstract Weinstein Lefschetz fibration, but it may also have, in its monodromy,
negative Dehn-Seidel twists along the vanishing cycles. Such an achiral abstract Weinstein Lefschetz fibration
will naturally induce a contact open book structure on its boundary and in this case also the proof of Theorem
1.7 goes through. It will be interesting to know whether one can strengthen Theorem 1.7 to get a contact
open book embedding.
6.1. Relation of Theorem 1.7 to fillability of contact manifolds. If an almost contact manifold M2n+1
does not embed in R2b 3n2 c+6, then by Theorem 1.7, it can not have a Weinstein or Stein filling. This can
be used to show that certain almost contact manifolds does not admit any Weinstein/Stein fillable contact
structure. For example, consider the manifold S1 × CPn. This manifold admits almost contact structure.
Now, it was shown by Sanderson and Schwarzenberger [SS] that CPn cannot be immersed in R4n−2a(n)+,
where a(n) is the number of 1s in the binary expression of n and  ∈ {0, 1,−1}. In particular,  = 0 for
n even and a(n) ≡ 1 (mod 4). Take n = 16. Then a(n) = 1 and  = 0. Thus, CP 16 does not immerse in
R62. Therefore, S1 × CP 16 cannot embed in S62. Since 2b 3×162 c+ 6 = 54 < 62, S1 × CP 16 does not admit
any Weinstein/Stein fillable contact structure. Similarly, one can show that S3 × CP 32 does not embed in
126 > 2b 3×332 c+6 = 105. Therefore, S3×CP 32 cannot admit any Weinstein/Stein fillable contact structure.
6.2. Embedding of Stein/Weinstein fillable manifolds. By a theorem of Eliashberg and Gromov [EG],
every complex n-dimensional Stein manifold has a proper holomorphic embedding in CN for N = b 3n2 c+ 2.
It is therefore natural to ask what can we say about the optimal dimension of contact open book embedding
of a Stein fillable contact manifold of dimension 2n + 1 in some trivial open book. We end our discussion
with the following question.
Question 6.3. What is the minimal k such that every Stein fillable contact manifold of dimension 2n + 1
admits contact open book embedding in (S2(b
3n
2 c)+k, ξstd)?
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